We study the topology and combinatorics of an arrangement of hyperplanes in C n that generalizes the classical braid arrangement. The arrangement plays in important role in the work of Schechtman & Varchenko 12, Part II] on Lie algebra homology, where it appears in a generic ber of a projection of the braid arrangement. The study of the intersection lattice of the arrangement leads to the de nition of lattices of colored partitions. A detailed combinatorial analysis then provides algebro-geometric and topological properties of the complement of the arrangement. Using results on the character of S n on the cohomology of these arrangements we are able to deduce the rational cohomology of certain spaces of polynomials in the complement of the standard discriminant that have no root in the rst s integers.
Introduction
In this paper we study the arrangement A col;s n of all a ne hyperplanes H ij : z i = z j , 1 i < j n, and H r i : z i = r, 1 i n and 1 r s. This arrangement appears in the work of Schechtman & Varchenko 12, Part II] as a generic ber of projections of the braid space in the context of Lie-algebra homology. We investigate the combinatorics of the intersection lattice L A col;s n of A col;s n (i.e., the set of all subspaces that are intersections of hyperplanes in the arrangement, ordered by reversed inclusion). This leads to the de nition of \colored partitions." Via the analysis of the homology of the order complex of the intersection lattice and using a formula by Orlik & Solomon 10] we are able to determine the cohomology of the complement C n n H2A col;s n H. The symmetric group S n acts on C n by permuting the coordinates and leaving A col;s n invariant.
By a calculation of the character of S n on the homology of the order complex of L A col;s n and using a formula of Orlik & Solomon 10] we are able to describe the character of S n on the cohomology of the complement C n n H2A col;s n H. Passing to rational cohomology and computing the space of S n -invariants on the cohomology allows then a description of the rational cohomology of the quotient (C n n H2A col;s n H)=S n . The latter can then be identi ed with the space of polynomials f(X) = X n +a n?1 X n?1 + +a 0 in C n such that f(X) has no double root and no root of f(X) lies in s] := f1; : : : ; sg.
These spaces can be used to approximate the space of monic polynomials of degree n that have no double and no integral root.
Basic De nitions
An arrangement A of hyperplanes in C n is a nite set of a ne hyperplanes in complex n-space. To H with the space C n . Note, that in general L A is actually not a lattice but a meet-semilattice (i.e., in ma exist but suprema in general not). The link between the combinatorics of L A and the topology of M A is provided by the order complex of lower intervals in L A . In general, for a partially ordered set P with top element1 and least element0 we denote by (P) the order complex of P. This is the simplicial complex whose simplices are the chains x 0 < < x l in P n f0;1g. For x y, x; y 2 P, we write x; y] to denote the interval fz j x z yg in P. where G permutes the spaces in the wedge according to the action of G on L.
In the formulation of the lemma we denote by \inf" the in mum operation in L and by \sup" the supremum operation in L. We write \ W " for the wedge of topological spaces. Recall, that the wedge X _ Y of two topological is the disjoint union of X and Y modulo the identi cation of one point x 2 X with one point y 2 Y . Note, that without specifying the points the wedge is (modulo homotopy) well de ned whenever all spaces are path-connected. It turns out, that this is the case in the formula given by Lemma 2.3, except for some discrete 2-point spaces, where the wedge point has to be chosen to be one of the points. By \susp" we denote the suspension operation and by \ " we denote the join operation. Note, that in contrast to the common usage, we de ne the join of a space X with the empty set to be the space X itself and not the empty set. For more detailed information and the de nitions we refer the reader to Munkres' book 9].
A Generalization of the Braid Arrangement
The classical braid arrangement A n in complex n-space is given by the \thick" diagonals H ij : z i = z j for 1 i < j n. The braid arrangement, also known as the complexi ed Coxeter arrangement of type A, is a well studied object (see for example consider the projection of the complement M A n+s of the braid arrangement A n+s of hyperplanes H ij : z i = z j , 1 i < j n + s in complex (n + s)-space on the last s coordinates. Let pr n;s be the projection of (n + s)-space on the last s coordinates. The image of pr n;s is complex s-space. For a point (t 1 ; : : : ; t s ) in pr n;s (M A n+s ) (i.e., it satis es t i 6 = t j for 1 i < j s) the ber pr ? for an atom x of L 0 (i.e., L = L 0 n x;1]). If L is a geometric semilattice then for each x 2 L the number of elements in a maximal chain from the least element0 to x is independent of the choice of the maximal chain. We denote by rank(x) the rank of x in L (i.e., the number of elements in a maximal chain in 0 ; x] minus 1). As an immediate consequence we obtain : As mentioned before in this case the (semi)lattice col;s n has a top element (see also Remark 3.3 and Proposition 4.2). Thus the order complex of col;s n f1g is a cone and hence contractible.
In order to give the reader a feeling for the combinatorial structure of the lattice of colored partitions, we classify the cover relations in col;s n . Let Remark 3.3 The lattice col;1 n is S n -isomorphic to n+1 . Proof. We map a colored partition of n] to the partition of n+1] that is de ned by adjoining n+1 to the colored block, in case there is one; or adjoining the singleton jn+ 1j in case there is no colored block. It is easily seen that this de nes an S n -equivariant (S n regarded as the subgroup of S n+1 stabilizing n + 1) lattice isomorphism. Proof. The isomorphism to the poset on the left hand side is obvious, since all blocks can be split independently. The second isomorphism then follows from Remark 3.3.
By the previous lemma it su ces to consider the S n -lattices col;1 n in order to understand the G-homotopy type of lower intervals in col;s n . Proposition 4.2 The S n -homotopy type of col;1 n is given by a wedge of n! spheres of dimension (n ? 2). The n! spheres are permuted by S n according to its regular representation. In particular, e H n?2 ( col;1 n ) is the regular S n -module.
Proof. Let (j1 nj; (0)) be the maximal element in col;1 n with no colored block If a colored partition ( ; (l 1 ; : : : ; l t )) is a complement of (j1 nj; (0)) then at least one (and therefore exactly one) index i must satisfy l i = 1. Moreover, if there is a non-trivial block in then ( ; (0; : : : ; 0)) is a lower bound for (j1 nj; (0)) and ( ; (l 1 ; : : : ; l t )). Thus any complement of (j1 nj; (0)) must be of the form Let us denote by r n the character of the regular S n -representation, by sgn n the character of the sign-representation of S n and by 1 n the character of the trivial S nrepresentation. By n we denote the character of S n on the homology of the order complex of n in dimension n ?3. It is a well studied character of dimension (n ?1)! (see Stanley 13 ] for a detailed description). Corollary 4.3 Let G be the stabilizer of ( = B 1 j jB t ; (l 1 ; : : : ; l t )) in S n . Assume that l f = = l t = 0 and l 1 ; : : : ; l f?1 6 = 0. Let We are grateful to Richard Stanley for pointing out that the characteristic polynomial (see 14]) of col;s n can be easily computed using a result about characteristic polynomials of hyperplane arrangements (see Orlik Here, rank(P) is the maximal rank of one of the elements of P and \ " denotes the M obius function of P (see 14]). Proposition 4.4 Let A be an a ne hyperplane arrangement in C n such that the subspaces in A can be de ned by equations using only integer coe cients. Let Note, that in part (i) the conclusion that the cohomology is free and in part (ii) the conclusion that the union is homotopic to a wedge of spheres is known to be true in general for hyperplane arrangements (see 11] and 21]).
As another immediate consequence we obtain a result on the cohomology of the complement of A col;s n in a rank one local system. We emphasize this otherwise standard application of the combinatorial methods here, since it ts in the framework of the considerations by Schechtman & Varchenko 12] . Let A be some arrangement of a ne complex hyperplanes in C n . Let = ( H ) H2A be some vector of complex numbers.
Then we denote by ! the di erential form Finally, we turn our interest to the quotient spaces (C n n U A col;s n )=S n . We recall a basic fact about symmetric products of complex lines.
Proof. In order to determine the rational cohomology of the quotient it su ces to determine the multiplicity of the trivial representation of S n in the cohomology of C n n U A col;s n . Note, that in general for a G-space X, which is CW-complex and G a nite group, the rational cohomology of X=G is given by the space of G-invariants on the rational cohomology of X. We know by Proposition 3.1 and Corollary 3. 
